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This study determines the stress intensity factors (SIFs) of inter-
face notches using image-correlation experiments. Evaluation of
interface notch SIFs is important, since cracks are often initiated
at this location. The review of the notch or crack stress-singulari-
ties can be found in Sinclair (2004a,b) and Paggi and Carpinteri
(2008)). In the literature review, we focus on the calculation of
interface notch SIFs. Labossiere and Dunn (1999) computed
asymptotic stress and displacement ﬁelds near the tip of an aniso-
tropic bimaterial interface corner using the Stroh formalism. From
the asymptotic ﬁelds, the H-integral was developed to calculate
SIFs. Meguid and Tan (2000) used a digital photoelastic technique
to ﬁnd SIFs of a bimaterial wedge, and a multiple-parameter meth-
od was developed to obtain the SIFs reliably from the isochromatic
fringe patterns. Chen and Sze (2001) developed an assumed hy-
brid-stress ﬁnite element together with numerical eigensolutions
to study the bimaterial notch problems, and three types of the
bimaterial notch problems were validated with analytical solu-
tions. Banks-Sills and Ishbir (2004) developed a conservative inte-
gral based on the Betti reciprocal principle to obtain SIFs for a
bimaterial notch, and the ﬁnite element method was employed
to obtain displacement and stress ﬁelds for the integral. Carpinteri
et al. (2006) evaluated the SIFs for corners in multi-layered struc-
tural components, and an analytical model based on the theory of
multi-layered beams was presented. This approach provides all rights reserved.
9; fax: +886 6 2358542.closed-form solution for the direct computation of the Mode-I
SIF. Mukherjee et al. (2006) calculated SIFs in a notched bar bonded
to a substrate in four-point bending by measuring surface strains.
They also determined SIFs experimentally using a notched photo-
elastic bar bonded to a substrate and validated their estimation
of SIFs. Hwu and Kuo (2007) deﬁned the SIFs for bimaterial
notches, and the path-independent H-integral was established to
ﬁnd them. A number of theoretical solutions were, then, used to
validate H-integral results. Shin et al. (2007) developed a proce-
dure for obtaining SIFs by using the Stroh formalism to obtain
asymptotic stress and displacement ﬁelds near the bimaterial
interface corner. The procedure makes it possible to calculate sin-
gular stress ﬁelds more easily than before. Li and Song (2008) used
Zak’s stress function to obtain the eigen-equation of stress singu-
larity of bimaterials with a V-notch, and a new deﬁnition of SIFs
for a perpendicular interfacial V-notch of bimaterial was put for-
ward. Shang et al. (2009) determined the SIFs for free edges in mul-
ti-layered structural components. The effects of elastic constants of
various material combinations on the weak singularity at free
edges were analyzed using the H-integral approach.
Experimental methods have been used to ﬁnd the crack SIFs,
but very few of them were concentrated at interface notches. In
our previous study (Ju et al., 2009), a methodology combining ana-
lytic and experimental solutions was employed to ﬁnd SIFs in
notched specimens with one anisotropic material. In the present
paper this methodology is extended to account for components
consisting of several anisotropic materials centered around the
notch tip. The major advantage of the current method is both sim-
ple and systematic. Moreover, the proposed method only requires
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tions, far-ﬁeld data, data near the notch tip, or data along the notch
surface are not necessary. However, they cannot be omitted and of-
ten cause solution difﬁculty for ﬁnite element and theoretical
methods.
2. Displacement and stress ﬁelds of notches
The coordinate system is deﬁned in Fig. 1, where the origin is lo-
cated at the notch tip and the center of the notch surface is on the
negative x axis, r and h are the in-planepolar coordinates, a is the an-
gle from the x-axis to the notch surface anti-clockwise, angle c is
2ðp aÞ, and hi is the interface angle between materials i and i + 1.
For the notch with m anisotropic materials, the displacement
fuig and stress function f/ig within the ith material can be (Ting,
1996, Chapter 9):
fuig ¼
ui1
ui2
 
rdþ1½½Ai ½Ai ½CiðhÞ
dþ1 ½0
½0 ½CiðhÞdþ1
" # fqig
fq^ig
( )
¼ rdþ1½CAi½HiðhÞfQig ð1aÞ
f/ig ¼
/i1
/i2
 
rdþ1½½Bi ½Bi ½CiðhÞ
dþ1 ½0
½0 ½CiðhÞdþ1
" # fqig
fq^ig
( )
¼ rdþ1½CBi½HiðhÞfQig ð1bÞ
where ½CAi ¼ ½½Ai ½Ai; ½CBi ¼ ½½Bi ½Bi; ð1cÞ
½HiðhÞ ¼ ½CiðhÞ
dþ1 ½0
½0 ½CiðhÞdþ1
" #
; fQig ¼
fqig
fq^ig
( )
; ð1dÞ
x means the conjugate of x, subscript i means the ith material
ðhi1 6 h 6 hi, and h0 ¼ aÞ for all the equations of this paper
(Fig. 1), fqig and fq
^
ig are complex vectors dependent on loading
and problem geometry, d is an eigenvalue dependent on material
properties and notch angle a (Fig. 1), ½Ai and ½Bi are 2-by-2 in-plane
Stroh matrices (Stroh, 1962; Ting, 1992), and ½CiðhÞ is deﬁned in Eq.
(2). Thus, ½Ciðh ¼ aÞ is a unit matrix along the bottom notch sur-
face, so that the deduction can be simple. Wu and Chang (1993)
used this function for notch problems with one anisotropic mate-
rial, and it is still useful for interface notch problems.
½CiðhÞ ¼
cos hþip1 sin h
cosðaÞþ1p1 sinðaÞ 0
0 cos hþip2 sin hcosðaÞþ1p2 sinðaÞ
2
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3
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Fig. 1. Geometry of a sharp V-notch with a number of materials. (The origin of
interest is located at the notch tip and the center of the notch surface is in the
negative x direction, where angles in the anti-clockwise direction are positive.)Where ip1 and ip2 are material eigenvalues for the ith material
(Ting, 1996, Chapter 5 ), and ImðipjÞ > 0. For the free-free notch,
the tractions are free along bottom and upper notch surfaces
ðf/1ðh ¼ aÞg ¼ f/mðh ¼ aÞg ¼ f0gÞ. Since f/1g is vanished at
h ¼ a, Eq. (1b) will be:
f/1ðh ¼ aÞg ¼ rdþ1½½B1 ½B1fQ1g ¼ f0g ð3aÞ
Let fQ1g ¼
½B1T
½B1T
( )
fqg ¼ ½CB1Tfqg to fit Eq:ð3aÞ; ð3bÞ
since ½Bi½BiT þ ½Bi½BiT ¼ ½0 (Stroh, 1962; Ting, 1996, Chapter 5, Eqs.
5.5–16), where {q} is an unknown complex vector to be calculated.
Then, along the interface of the i 1th and ith materials (h ¼ hi1 as
shown in Fig. 1), since fuig ¼ fui1g and f/ig ¼ f/i1g, one obtains:
fQig ¼ ½Hiðh ¼ hi1Þ1½Ni½Ni11½Hi1ðh ¼ hi1ÞfQi1g
¼ ½MifQi1g for mP i > 1 ð4aÞ
where ½Ni ¼ ½Ai ½Ai½Bi ½Bi
" #1
¼ ½Bi
T ½AiT
½BiT ½AiT
" #
; and ð4bÞ
½Mi ¼ ½Hiðh ¼ hi1Þ1½Ni½Ni11½Hi1ðh ¼ hi1Þ: ð4cÞ
The deduction of Eq. (4b) is due to the orthogonality of Stroh matri-
ces (Ting, 1996, Chapter 5). Eq. (4a) can be used to ﬁnd the relation-
ship between fQmg and fQ1g, as below:
fQmg ¼
Yj¼m
j¼2
½Mj
 !
fQ1g ð5aÞ
where
Yj¼m
j¼2
½Mj ¼ ½Mm½Mm1 . . . ½M2 for m > 1;
and ½Mj ¼ ½I for m ¼ 1: ð5bÞ
For the free-free notch, f/mg should also be vanished at h ¼ þa.
From Eqs. (1b) and (5a), one obtains
½Kfqg ¼ f0g ð6aÞ
where ½K ¼ ½CBm½Hmðh ¼ aÞ
Yj¼m
j¼2
½Mj
 !
½CB1T
is a 2 by 2 matrix: ð6bÞ
Thus; for a nontrivial solution of fqg; d must be a root of
det½K ¼ 0: ð7Þ
This equation can be solved by a numerical method, such as
Muller’s method (Press et al., 1986) or a numerical procedure
developed by Carpinteri and Paggi (2007), to ﬁnd all the required
eigenvalues, d. The eigenvectors fqeg of Eq. (7) can then be ob-
tained, and the solution of fqg can be assumed as follows:
fqg ¼ gfqeg ð8Þ
where g is a scalar dependent on loading and problem geometry,
and fqeg can be a eigenvector without normalizing. Using Eq. (8)
to re-arrange Eqs. (1a) and (1b), one obtains
fuig ¼ fUigg and f/ig ¼ fUigg ð9aÞ
fUig ¼ rdþ1½CAi½HiðhÞ
Yj¼i
j¼2
½Mj
 !
½CB1Tfqeg ð9bÞ
fUig ¼ ½Ui1 Ui2T ¼ rdþ1½CBi½HiðhÞ
Yj¼i
j¼2
½Mj
 !
½CB1Tfqeg ð9cÞ
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riyy
 
¼ @f/ig
@x
¼ ðdþ 1Þrd½CBi ½Cið0Þ½CiðhÞ
d ½0
½0 ½Cið0Þ½CiðhÞd
" #

Yj¼i
j¼2
½Mj
 !
½CB1Tfqegg ð9dÞ
rixx
sixy
 
¼ @f/ig
@y
¼ ðdþ 1Þrd½CBi
Ci p2
  ½CiðhÞd ½0
½0 Ci p2
 h i½CiðhÞd
2
4
3
5

Yj¼i
j¼2
½Mj
 !
½CB1Tfqegg ð9eÞ
where siyx; sixy; riyy; and rixx are the stress components of the ith
material.
3. Notch SIFs
We deﬁne the following SIFs ðkIðdjÞ and kIIðdjÞÞ:
rhh
rrh
 
r¼h¼0
¼
Xm2
j¼1
@/t2ðdjÞ=@r
@/t1ðdjÞ=@r
 
r¼h¼0
¼ 1ﬃﬃﬃﬃﬃﬃ
2p
p
Xm2
j¼1
rdj
kIðdjÞ
kIIðdjÞ
 
ð10aÞ
or
kIðdjÞ
kIIðdjÞ
 
¼
ﬃﬃﬃﬃﬃﬃ
2p
p
rdj
@/t2ðdjÞ=@r
@/t1ðdjÞ=@r
 
r¼h¼0
ð10bÞ
where rhh and rrh ðr ¼ h ¼ 0Þ are the polar-coordinate stresses at
the notch tip, and they should be controlled by the minimum eigen-
value, m2 means the number of eigenvalues under 0 < Reðdjþ
1Þ < 1, t means the notch x axis inside the tth material as shown
in Fig. 1, and /t1ðdjÞ and /t2ðdjÞ are the two components of the stress
function vector (Eq. (1b)) at the tth material for the eigenvalue dj.
From equations (10b), one obtains:
kIðdjÞ ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
gj½ðdj þ 1ÞUt2=ðrdjþ1Þðr ¼ h ¼ 0Þ ð11aÞ
kIIðdjÞ ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
gj½ðdj þ 1ÞUt1=ðrdjþ1Þðr ¼ h ¼ 0Þ ð11bÞ
where j ¼ 1 tom2:
The physical meaning of kLðdjÞ denotes the Lth-mode SIF pro-
duced from the singularity of the jth eigenvalue. If dj is complex,
dj will also be an eigenvalue, and then kLðdjÞ equals kLðdjÞ. If dj is
real, kLðdjÞwill be real too. If two eigenvalues are equal or very sim-
ilar, one should select orthogonal eigenvector fqg of Eq. (6a), and
the SIFs are the summations of those from all the same eigen-
values. It is difﬁcult to judge whether the ﬁrst eigenvalue will
cause more serious singularity, since kLðdj>1Þ can be obvious while
kLðd1Þ is zero. The situation may be produced under a certain con-
dition of loads, boundary conditions and material properties. For
example, if g of the ﬁrst eigenvalue in Eq. (8) is zero for a certain
applied load, the SIFs of Eqs. (11) and the stress ﬁelds of Eqs.
(9d) and (9e) will be vanished, which means that the ﬁrst eigen-
value does not cause singularity at the notch tip at this situation.
The issue is similar to the suggestion of Carpinteri and Paggi
(2006) that all eigenvalues must be taken into account for the
accurate analysis of elastic stresses.
4. H-integral to ﬁnd g
H-integrals (Labossiere and Dunn, 1999) and ﬁnite element
analyses are used to validate the experimental SIFs. The H-integral
is deﬁned as follows:
H ¼
Z
C
ðfugTftcomg  fucomgTftgÞds ð12Þwhere fug and ftg are actual displacement and traction vectors, and
fucomg and ftcomg are complementary displacement and traction
vectors, respectively. Using Eq. (9a) for the loop very near the notch
tip, one changes the H-integral as follows:
H ¼
Z a
a
ðfud¼djgT@f/d¼Djgg¼1=@h fud¼Djg
T
@f/d¼djg=@hÞdh ð13Þ
where dð¼ dj or DjÞmeans that a single eigenvalue of dj or Dj is
substituted into Eq. (9a) to ﬁnd the displacement or stress function
vector, and @f/g=@h is the traction vector at angle h. Let the comple-
mentary eigenvalue Dj þ 1 equal ðdj þ 1Þ, and substituting Eq. (9a)
into (13) for r ¼ 0, one obtains
H ¼ gj
Z a
a
ðfUigTd¼dj@f/d¼Djgg¼1=@h fUig
T
d¼Dj@f/d¼djg=@hÞdh ¼ gjH

ð14aÞ
where
@f/d¼Djgg¼1
@h
¼ ðdþ 1ÞrDjþ1½CBi ½Ciðhþ p=2Þ½CiðhÞ
Dj ½0
½0 ½Ciðhþ p=2Þ½CiðhÞDj
" #

Yj¼i
j¼2
½Mj
 !
½CB1Tfqeg ð14bÞ
½Ciðhþ p=2Þ ¼
 sin hþip1 cos h
cosðaÞþ1p1 sinðaÞ 0
0  sin hþip2 cos hcosðaÞþ1p2 sinðaÞ
2
4
3
5 ð14cÞ
The integral H of Eq. (14a), which is independent of r, can be
obtained directly using the Simpson integration method when
the notch angle a and material properties are known. To ﬁnd gj
in Eq. (14a) ðgj ¼ H=HÞ, the displacements ðfugÞ and tractions
ðftgÞ from the ﬁnite element analysis are substituted into Eq.
(13) to ﬁnd the H-integral, and the complementary eigenvalue
can be chosen as Dj þ 1 ¼ ðdj þ 1Þ for j ¼ 1 or 2 to evaluate
fucomg and ftcomg. The tractions are calculated as follows:
ftg ¼ ½rfng ð15Þ
where ½r is the stress tensor and fng is the normal direction at the
point of the integration loop. It is noted that the stress and displace-
ment ﬁelds of the ﬁnite element result and the complementary
solution should be under the notch x–y coordinates, as shown in
Fig. 1.5. The least-squares method to ﬁnd g
The least-squares method has been used to calculate the crack
or notch SIFs of composite materials using the experimental data
(Ju et al., 2006, 2009). This study uses it incorporating image-cor-
relation experiments to ﬁnd the interface notch SIFs, and this type
of research appears absent in the literature. In Eq. (9a), the solution
should include inﬁnite eigenvalues and the rigid body motion. For
numerical analyses, the number of eignevalues is set to a ﬁnite
number N, so Eq. (9a) is changed to
u ¼ ½U1 U2    UN 1 0  y½g1 g2    gN U0 V0 H0T or
u ¼ ½Ufgg ð16aÞ
v ¼ ½V1 V2    VN 1 0 x½g1 g2    gN U0 V0 H0T or
v ¼ ½V fgg ð16bÞ
where x and y are coordinates at this point, and the three unknowns
U0; V0, and H0 are the rigid body x translation, y translation and z
rotation for the reference at the notch tip.
The sum of the squares of the error for the displacements mea-
sured at M points is
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XM
k¼1
ð½Ukfgg  ukÞ2 þ ð½V kfgg  vkÞ2 ð17Þ
where uk and vk are the experimental displacements of point k, and
M is the total number of points. To minimize the sum of the squares
of the error ð@P=@fgg ¼ 0Þ, the following linear equation is
obtained.
½Sfgg ¼ fFg ð18aÞ
where ½S ¼
XM
k¼1
fUgk½Uk þ fVgk½V k ð18bÞ
fFg ¼
XM
k¼1
ukfUgk þ vkfVgk ð18cÞ
Eq. (18a) can be solved directly to obtain fgg. In the least-
squares method, there are three parameters N; Rmax and Rmin,
where N is the number of terms in Eq. (16), and Rmax and Rmin are
the maximum and minimum radius of the area to include data un-
der the origin at the notch tip. The major advantage of Eq. (18) is
that only the displacement ﬁeld is required and the data near the
notch tip or boundaries are not necessary. This feature is very use-
ful, since some stress ﬁelds along material interfaces are not con-
tinuous; moreover, data near boundaries or notch tip often
contain large errors.
6. Image-correlation experiments
6.1. Experimental details
The optical system, as shown in Fig. 2, is similar to the references
(Ju et al., 2006, 2009), in which a Canon EOS 1DS-MarkII digital cam-
era, with 4992  3328-pixel maximum resolution, connected to a
Sigma lens (Macro 150 mm/2.8EX DG) and two rings of the Kenko
extension tube sets (20 and 36 mm), is supported on a very strong
tripod. This system can take a picture of the actual area of
20  15 mm. The camera is controlled by camera shooting software,
and a shutter speed of 1/250 s, aperture value of 10, and ISO of 100
were set. Two illuminations were provided by four ﬁber optic lights
transferred from a 20V–150W halogen lamp. To obtain pictures
without deviation, the image was saved as an uncompressed TIFF 
Illumination 
Fiber optic 
 lights 
Camera 
Fig. 2. Details of the optical system.ﬁle. Random patterns were marked on the specimen surfaces for
thedigital image-correlationmethod. This kindof pattern canbe ob-
tained by ﬁrst painting the specimen surface with white paint, then
over-spraying with a mist of black paint.
In the experiment, three specimens were tested using the In-
ston-8800 servo-hydraulic testing machine under uniaxially ten-
sile loads without vibration isolation schemes. First, the
specimen was mounted and the optical system was adjusted to
aim at the measured zone. At the beginning, the loads were set
to zero (undeformed condition) and a picture was taken as a refer-
ence. The load was then increased to 0.7 kN and the next picture
was taken (deformed condition).
6.2. Image-correlation method and analysis procedures
The method for comparing two subsets is commonly given by
use of the cross-correlation coefﬁcient, C, as follows (Bruck et al.,
1989):
C x; y;u;v ; @u
@x
;
@u
@y
;
@v
@x
;
@v
@y
	 

¼
P
f ðx; yÞ  gðx; yÞPðf ðx; yÞ2Þ Pðgðx; yÞ2Þh i1=2
ð19Þ
where one subset covers the area of 0.5  0.5 mm (100  100-pixel)
used in this paper, and a picture contains 4992  3328-pixels, f ðx; yÞ
are undeformed subset intensity values at selected points within
the subset, and gðx; yÞ are deformed subset intensity values at se-
lected points within the subset,
x ¼ xþ uþ @u
@x
Dxþ @u
@y
Dy and y ¼ yþ v þ @v
@x
Dxþ @v
@y
Dy;
ð20Þ
where x = center point of the x-coordinate of the subset, y = center
point of the y-coordinate of the subset, u = center point of the x-dis-
placement, v = center point of the y-displacement, @u
@x ;
@u
@y ;
@v
@x ;
@v
@y = derivative terms at the center point, Dx = the chosen point x-
direction distance from the center point, and Dy = the chosen point
y-direction distance from the center point. The undeformed and de-
formed TIFF ﬁles were then processed by a PC-based parallel-pro-
cessing program called CCD82 (http//myweb.ncku.edu.tw/~juju).
This FORTRAN program used the image-correlation method to ﬁnd
the displacements and strains of the subsets in the image. The pro-
cedures of the program can be found at the following web site
(http//myweb.ncku.edu.tw/~juju).β
γ
x
y
X
Y
W=43 mm
a=10.25 mm
H
H/W=12
σ0
σ0
γ
Material-1
Material-3
Material-2
(Epoxy)
10o
1
2 ϕ3
12 ϕ1
Fig. 3. Three-material rectangular plates with double notches used in the exper-
iments. (H = 300 mm, W = 43 mm, a = notch length = 10.25 mm, and plate
thickness = 2.45 mm).
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Three composite specimens with double sharp V-notches sub-
jected to a uniform tension r0 of 7.256e3 Gpa (applied for-
ces = 0.7 kN) were tested. As shown in Fig. 3, the specimen contains
two compositeplates bonded by a layer of isotropic epoxy
(E = 2.5 Gpa and v = 0.213), and the two composite plates have differ-
ent axis orientations (axes 1 and 2 in Fig. 3) for the same orthotropic
material ðE11 ¼ 70:24 Gpa; E22 ¼ 35:45 Gpa; G12 ¼ 11:4 Gpa, and
v12 ¼ 0:246Þ, which is a 12K-carbon-ﬁber/epoxy composite [0/0/45/
90/-45/0/0/90/0/0/-45/90/45/0/0]. Axes X–Y are the global coordi-
nates parallel to specimen boundaries. Angles u1 and u3 (Figs. 3
and 4) are the angles from global axis X to material axis 1 for the
two composite plates. The dimensions of specimens are 43mmwide,
2.45 mmthickand300 mmlongwith thenotch length a = 10.25 mm.
The notch angle is c, and the angle between the notch centerline and
the horizontal axis (global axis X) is b, with the details listed in Fig. 4
foreachspecimenwith itsﬁniteelementmesh. ThenotchSIFsof three
specimens are then calculated using the least-squares method. The
eigenvalues ðdþ 1Þ of the three cases solved by Muller’s method are
listed in Fig. 4, inwhich thevalues are onlydependent on thematerial
properties and angle c. The two eigenvalues of all the three cases are
real, as shown in Fig. 4, as are their SIFs.Fig. 4. Details of the dimension and ﬁnite element mesh for the double notch specimen.
from global axis X to material axis 1 for the ith material (Fig. 2).)7. Experimental results and comparisons
This section uses the H-integral and ﬁnite element results to
validate the SIFs evaluated from image-correlation experiments.
The ﬁnite element program from the reference (Ju, 1997) was used
with eight-node isoparametric elements under the linear-elastic
and plane-stress analysis. In order to demonstrate the numerical
results, the dimensionless SIFs are deﬁned as follows:
FIðdjÞ ¼ kIðdjÞr0
ﬃﬃﬃ
p
p
adj
and FIIðdjÞ ¼ kIIðdjÞr0
ﬃﬃﬃ
p
p
adj
for j ¼ 1;2 ð21Þ
where r0 is the far-ﬁeld applied normal stress and a (=10.25 mm) is
the notch length of specimens. The error of the currentleast-squares
method is deﬁned as follows:
Error ¼
P
i¼I;II F
H
i ðd1Þ  FLSi ðd1Þ
 þ FHi ðd2Þ  FLSi ðd2Þ P
i¼I;II F
H
i ðd1Þ
 þ FHi ðd2Þ  ð22Þ
where FHi ðdjÞ are the SIFs of FI and FII obtained from the H-integral,
and FLSi ðdjÞ are the SIFs calculated from image-correlation
experiments.(a = notch length = 10.25 mm andW = specimen width = 43 mm, and ui is the angle
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Fig. 5. Y-deformation contours and image from the image-correlation experiments for specimen-1. (Unit = pixel, one pixel = 5E3 mm).
Table 1
Mixed-mode SIFs for interface notches using the H-integral method under plane-stress ﬁnite element analysis with eight-node isoparametric elements. (SIFs are averaged from
the three loops as shown in Fig. 4.).
Case H-integral method and FEM
Specimen c b d1 þ 1 d2 þ 1 FIðd1Þ FIðd2Þ FIIðd1Þ FIIðd2Þ
1 60 45 0.407394 0.675091 0.0073089 0.0001253 0.0005161 0.0081745
2 60 30 0.412860 0.570272 0.0075881 0.0003258 0.0030142 0.0039556
3 45 22.5 0.391943 0.495043 0.0054621 0.0008353 0.0046226 0.0043921
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the image-correlation experiment. This ﬁgure shows that the defor-
mations calculated from the image-correlation method are suitably
smooth. The small deviation from experiments can be averaged by
the least-squares method. Table 1 shows the H-integral results,
which are averaged from the three loops of the ﬁnite element anal-
yses, as shown in Fig. 4. Since the two eigenvalues are real, the SIFs
are also real, so only real values are shown in this table. The least-
squares method was then applied to evaluate the average SIFs from
the ﬁnite element and experimental data for each specimen under
the 20 least-squares analyses of Rmax ¼ 8 mm ¼ 0:71a and
Rmax ¼ 6 mm ¼ 0:53a (a = notch length = 10.25 mm), Rmin ¼ 0:001a
and Rmin ¼ 2 mm ¼ 0:18a, and N = 13, 15, 17, 19, and 21 (two Rmax
values, two Rmin values, and ﬁve N values). For the least-squares
method using the ﬁnite element result, the maximum error from
the 60 cases of the three specimens is 0.46%, and the average error
is 0.22%. Thus, when the ﬁnite element result is used, the least-
squares andH-integral results are almost the same, althoughvarious
different Rmax; Rmin, and N values are used.
For the laboratory tests, Table 2 shows the experimental results
evaluated by the least-squares method and compares them with
the H-integral results, where the average SIFs are the average val-
ues of the 20 least-squares SIFs, the average errors are these aver-
age SIFs compared with the H-integral results using Eq. (22), and
the maximum errors are obtained from the 20 least-squares anal-
yses. This table indicates that the average SIF error of the image-
correlation experiment is about 7%, which should be acceptableTable 2
Mixed-mode least-squares SIFs and errors for anisotropic double sharp V-notches using im
Rmax ¼ 0:71a and Rmax ¼ 0:53a (a = notch length = 10.25 mm), Rmin ¼ 0:001a and Rmin ¼ 0:1
Case FIðd1Þ FIðd2Þ
Specimen c b
1 60 45 0.0069684 0.0001194
2 60 30 0.0070922 0.0003045
3 45 22.5 0.0049967 0.0007641for interface notch problems. Moreover, the maximum and average
errors of the three cases are not much different, so the least-
squares results are not sensitive to the three parameters, N;Rmax,
and Rmin. We suggest that N be equal to 10–20 usually yields more
accurate results, while Rmax can be equal to about half a notch
length in which no other singularity is inside, and Rmin can be set
to a very small value in order to include all the possible data except
for the singular data at the notch tip.
8. Conclusions
This paper investigates interface notch SIFs using image-corre-
lation experiments. First, theoretical formulations based on the
Stroh’s complex function approach were developed to evaluate
the displacement ﬁeld and H-integral of a sharp V-notch formed
from several anisotropic materials. Displacements from image-cor-
relation experiments were then introduced into the least-squares
formulation to solve the notch SIFs. Compared with the SIFs calcu-
lated from the H-integral and FEM, the current experimental meth-
od can be used to compute the SIFs of interface notches with
acceptable accuracy. Moreover, the accuracy of the SIFs calculated
using the proposed method is not sensitive to the maximum and
minimum radii of the area from which data are included. The ma-
jor advantage of this method is that both the theoretical formula-
tion and the experimental scheme are simple, and they can be
applied to a systematic least-squares method. The experimental
data required for the current method do not need to include thatage-correlation experiments. (SIFs are averaged from 20 least-squares analyses under
8a, and N = 13, 15, 17, 19, and 21.).
FIIðd1Þ FIIðd2Þ Ave. Error% Eq.(40) Max. Error%
0.0005484 0.0086877 5.5 8.2
0.0031608 0.0041481 5.8 7.4
0.0049514 0.0047045 7.7 9.4
900 S.H. Ju et al. / International Journal of Solids and Structures 47 (2010) 894–900near the notch tip or specimen boundaries. Furthermore, smooth-
ing the experimental data is not required, since the least-squares
method can average the deviation of the experimental data. It is
noted that neither the hardware nor software required is compli-
cated. For instance, the hardware for the imaging system contains
only a commercial digital camera with a regular macro lens, and
the software (myweb.ncku.edu.tw/~juju) needs only two standard
Tiff ﬁles. The general concepts employed here are also potentially
applicable to other experimental methods, such as moiré, speckle,
or photoelasticity.
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